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Abstract 

In this article we study the period map for a family of K3 surfaces which is given by the anticanon- 
ial divisor of a toric variety. We determine the period differential equation and its monodromy group. 
Moreover we show the exact relation between our period differential equation and the unifomizing 
differential equation of the Hilbert modular orbifold for the field Q(\/5). 

DO 

Introduction 

The elliptic modular function A(r) is obtained as the inverse of the Schwarz map for the Gauss hyperge- 
ometric differential equation 

A<i-A>£ + (i-»)*-i,-a 

This is a period differential equation for the family of elliptic curves T = {S'(A)}, with 

5(A) :y 2 = x(x - l)(x - A). 

A K3 surface is characterized as a deformation of a non singular quartic surface in P 3 (C). It suggests 
that a K3 surface is a 2-dimensional analogy of an elliptic curve (namely a non singular cubic curve in 
P 2 (C)). There are several studies on K2, modular functions, for example |MSY| . |Shl] . |Sh2| and |Sh3) . 
Period differential equations play important roles in these studies. On the other hand, a K2> surface S 
is characterized by the condition K$ — and simply connectedness. It means that S is a 2-dimensional 
Calabi-Yau manifold. There are many studies of Calabi-Yau manifolds in the field of mathematical 
physics. From this aspects, the inverse of the Schwarz map is called the "mirror map". 

We use the notion of the 3-dimensional reflexive polytope (it is due to Batyrev [BaJ) with at most 
terminal singularities. Such a polytope P is defined by the intersection of several half spaces 

cijX + bj-y + CjZ < 1, (<2j, bj, Cj) € Z 3 , j = 1, • • • , s 

in M 3 with the conditions 

(i) the origin is the unique inner lattice point, 

(ii) only the vertices are the lattice points on the boundary. 

For every such a reflexive polytope we can find a corresponding family of K3 surfaces. Period integrals 
for such families of K3 surfaces are studied by K. Koike |Koi) , J. Stienstra [St], N. Narumiya and H. 
Shiga [N3j. 
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All 3-dimcnsional 5-verticed reflexive polytopes with at most terminal singularity are listed up (see 
[KSj or [O]). Recently T. Ishige [12] has made a detailed research on one of these polytopes. He discov- 
ered, by a computer approxiation, the projective monodromy group of his period differential equation is 
isomorphic to the extended Hilbert modular group for the field Q(y2)- 

Inspired by Ishige's discovery we have studied these families of K3 surfaces derived from other poly- 
topes. In this article we focus on the polytope 
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P = 1 -1 , (0.1) 
\0 Q 1 -1 -2/ 

where the column vectors indicate the vertices. We study the other polytopes in another article [N] , 

In this article we construct an exact period map $ for the family, saying J 7 , of our K3 surfaces, that 
is a multivalued analytic map from a Zariski open domain A in P 2 (C) to a 2-dimensional domain of type 
IV. We give a differential equation for $ and determine its projective monodromy group. Moreover we 
show the exact relation between our period differential equation and the Hilbert modular orbifold for the 
real quadratic field (Q^v^)- 

In Section 1 we show the explicit defining equations for the family, saying J 7 , of Ki surfaces derived 



from the polytope P in (0.1 1 . In Section 2 we show that the Picard number of a generic member of J- is 



equal to 18 (Theorem 2.2 1 and determine the structure of the Neron- Severi lattice and the transcendental 



lattice (Theorem 2.3 1 



According to Theorem |2.2| there is a period differential equation with 4-dimensional solution space. 



We determine it in Section 3 (Theorem 3.2|. In Section 4, applying the Torelli theorem and lattice theory 



we prove that the projective monodromy group of the period map is equal to the orthogonal group for 



the transcendental lattice (Theorem 4.2). This is essentially a complete proof of the above mentioned 
Ishige's discovery. 

Theorem |4. 2| implies that the projective monodromy group of the period differential equation for T is 
related to the Hilbert modular group of the field Q("\/5). On the other hand the uniformizing differential 
equation of the Hilbert modular orbifold (H x M)/ (PSL(O), t) is studied by T. Sato [Sa]. In Section 5 
we show an explicit correspondence of our period differential equation and the uniformizing differential 
equation of the Hilbelt modular orbifold. 



1 Family of K3 surfaces and elliptic fibration 



Let us start from the polytope P in (0.1 1. We obtain a family of algebraic surfaces by the following 
canonical procedure: 

(i) Make a toric 3-fold X from the reflexive polytope P. This is a rational variety. 

(ii) Take a divisor D on X that is linearly equivalent to —Kx- 

(iii) Generically D is represented by a K3 surface. 
In this case, D is given by 



1 1 

di + a 2 h + a 3 t 2 + a 4 t 3 + a 5 — + a 6 

*3 1112*3 



with complex parameters a\ , • 



0, (1.1) 
a e . Namely, P plays the same role as the Newton polygon. Setting 



x = a 2 *i/ai, 
V = a 3 t 2 /a 1 , 
z = a 4 i 3 /ai, 
A = 0405/0^, 
/1 = a 2 a 3 a|a 6 /af , 



(1.2) 
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from ( 1.1 1 we obtain a family of K3 surfaces T — {5*(A, fx)} with two parameters A, ll with 

S(X, n) : xyz 2 (x + y + z + 1) + Xxyz + ll = 0. (1-3) 

We can find an elliptic fib-ration for every surface of our family T . Namely it can be described in the 
form 

S : y 2 = 4x 3 - g 2 (z)x 3 - g 3 (z), 

where g 2 (53, resp.) is a polynomial of z with 5 < deg(g 2 ) < 8 (7 < deg(<?3) < 12, resp.). This is an 
analogy of the Weierstrass normal form of the elliptic curve. In this paper we call it the Kodaira normal 
form. 



Proposition 1.1. S(X,fi) £ T is described in the Kodaira normal form 

y\ = 4x1 ~ 9i{z)xi ~ 9a(z),z ^ 00, 



(1.4) 



with 



g 2 (z) = -*-(18A 4 + 432Xliz + 72A 3 z(l + z) + 108A 2 z 2 (l + zf 
216 

+72Az 3 (l + zf + 18z 2 (l + z){2Ali + z 2 {\ + zf), 

g 3 (z) = — i(A 6 + 36X 3 uz + 6A 5 z(l + z) + 108X 2 liz 2 (1 + z) + 15A 4 z 2 (l + zf 
216 

+108A^ 3 (1 + zf + 20A 3 z 3 (l + zf + 15A 2 z 4 (l + zf + 6Az 5 (l + zf 

+z 2 (216// 2 + 36//z 2 (l + zf + z 4 (l + zf)), 



y\ = 4x\ - h 2 (zfx 2 - h 3 (zi), Z\ ^ 00, 



and 



with 

h 2 (zi) = 2/^(1 + Zl + Xz 2 ) + — (1 + z x + Xz 2 f, 

h 3 (zf = -{\uiz\(l + + Xz 2 ) 3 + -L(l + z x + Xz 2 f + ii 2 z\°), 
6 216 

where z\ = 1/z. We have the discriminant of the right hand side for xx (x 2 , resp.): 

j D = 64/i 3 z 3 (A 3 + 3A 2 z + 27/iz + 3Xz 2 + 3A 2 z 2 + z 3 + 6Xz 3 + 3z 4 + 3Az 4 + 3z 5 + z 6 ), 
\ D x = 64^ 3 z 1 15 (l + 3zx + iz 2 + 3Xz 2 + z 3 + 6Az 3 + 'SXzf + 3A 2 z 4 + 3X 2 zf + 21llz\ + X 3 zf), 
respectively. 

Proof. By the birational transformation 



(1.5) 



(1.6) 



x 



— j yi = — 

X x z z 



(2xyz 2 + {Xxz + xz 2 + x 2 z 2 + xz 3 )) 



the equation (1.3) takes the form 

y \ = Axl + O 2 + 2Xz + z 2 + 2Xz 2 + 2z 3 + z 4 )x 2 + {-2Xllz - 2llz 2 - 2liz 3 )x + ll 2 z 2 . 
Moreover, by the transformation 

xx = x + ^(A 2 + 2A/z + z 2 + 2Xz 2 + 2z 3 + z 4 ), 



(1.7) 



we obtain (1.4). 

Set Zx = 1/z. By the transformation 



x 2 = x a zf + — (1 + zx + Xz{) 2 , y 2 = zfyx, 



we get ( 1.5 1. 



□ 
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Set 

A = {(A, n) e C 2 | A^(A 2 (4A - l) 3 - 2(2 + 25A(20A - l))/z - 3125/x 2 ) ^ 0}. 
We have a parametrization 

(o-lKo + l) , (2 a -3) 3 (a + l) 2 
A(a) = 5 ' Ma) = 3125 

of the locus A 2 (4A - l) 3 - 2(2 + 25A(20A - - 3125^ 2 = 0. So it is a rational curve. 

Remark 1.1. In Section 3 we shall obtain A as the complement of the singular locus of the period 
differential equation for S*(A,/i) in the (A, fj,)- space. 



Proposition 1.2. Suppose (A,^) G A. The elliptic surface given by (1.4 1 and (1.5| /ias singular fibres of 
type I3 over z — 0, 0/ £j/pe J15 over z = 00 and other six fibres of type I\. 

Proof. By observing the orders of (72, <73, Do (/12, /13, I? 00, resp.) we know the type of every singular fibre 
(see [Sh3] ). □ 

Remark 1.2. Let \ denote the Euler characteristic. According to |Kodj (see also }Sh3| ), an elliptic 
fibred algebraic surface S over P 1 (C) is a K3 surface if and only if x(S) = 24 provided S is given in the 
Kodaira normal form. Using this criterion we can check directly from Proposition 1.2 that S(X,fi) is a 
K3 surface for (A, /i) G A. 



Proposition 1.3. The elliptic surface given by (1.4) and (1.5) has the following holomorphic section: 
P (xx,yi,z) = (^(A 2 + 2Az + z 2 + 2Az 2 + 2z 3 + z 4 ),^z,z). 



Proof. By putting xq = in (1.7), it is obvious. □ 

For (A,/i) G A, let O be the zero of the Mordell-Weil group of 5(A, //) over C(z). O is given by 
the set of the points at infinity on every fibre. Let Q be the inverse element of P in the Mordell-Weil 
group. Let I3 = + ai + a'i be the irreducible decomposition of the fibre at z — 0. We may suppose 
O H a ^ (f), P n a\ ^ (f>, Q H a[ 7^ <j>. By the same way, let /15 = 60 + &i + • ■ ■ + &7 + b[ + ■ ■ ■ + b' 7 be 
the irreducible decomposition of the fibre at z = 00 given by the Figure 2. We may suppose O D bo 

<t>,Pnb 5 ^ (l>,Qnb' 5 ^ <j>. 
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Figure 2. 

For a general K3 surface S, H2(S, Z) is a free Z-module of rank 22. The intersection form of H 2 (S, Z) 
is given by 



where 



(-2 1 

1 -2 1 



^s(-l) 



V 



1 








-2 


1 
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-2 
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1 
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-2 







1 





-2 
1 



"2 / 



U 



1 

1 



(1.8) 



Let NS(5) denote the sublattice in H 2 (S,Z) generated by the divisors on S. 
We set a sublattice L'(X,fi) c H 2 (S(X, fi), Z) for (A,/i) G A by 

L'(X, n) = (b x ,b 2 , b 3 , b 4 , b 5 , P, b 6 , br, b'^XA, b' 5 ,Q, O, F) s 

It is contained in NS(S(X, /j,)) and of rank 18. So we have: 

Proposition 1.4. 

rank NS(5(A,^)) > 18. 

We have: 

Proposition 1.5. L'(X,fi) is a primitive sublattice of H 2 (S(X, /i), Z). 

Proof. By observing the intersection matrix of the lattice L'(A,/i), we obtain det(L'(A, fj,)) — —5. It 
does not contain any square factor. So L'(A, /i) is primitive. □ 

Definition 1.1. Let (Si,iri,¥ 1 (C)),(S 2 ,ir 2 ,¥ 1 (C)) be elliptic surfaces. If there exist a biholomorphic 
mapping f : Sx — > S 2 and ip € Aut(P 1 (C)) such that ip o tti = ir 2 ° /, we say (Si, 7r 1 ,P 1 (C)) and 
(S 2 , 7T2, P 1 (C)) are isomorphic as elliptic surfaces. 

For an elliptic surface given by the Kodaira normal form y 2 — 4x 3 — g 2 (z)x — g 3 (z), we can define the 
j-invariant : 

9l(z) 



f£(z)- 27 g 2 3 (z) 



(z). 



(1.9) 



Proposition 1.6. ( |Kodj ) Let (S'i,7ri,P 1 (C)), (S 2 ,ir 2 , P : (C)) be elliptic surfaces, and let ji(z), j 2 (z) be 
the j -invariants, respectively. If (5'i,7ri,P 1 (C)), (^2, 7T2, P 1 (C)) are isomorphic, it is necessary that there 
exists f € Aut(P 1 (C)) such that tt^[ 1 (p) and ir 2 1 ((p(p)) are the fibres of the same type for any p € P 1 (C) 
and j 2 oip = ji . 



For (A, n) e A, let 



7T : S(X,fi) 



— (z-sphere) 



be the canonical elliptic fibration given by the Kodaira normal form (1.4 1,(1.5 1. (^(A, /i), it, P 1 ) is an 
elliptic surface. 

Lemma 1.1. Suppose (Ai, /ii), (A 2 , ^ 2 ) £ A. If(S(X\, ^1), 7Ti, P x (C)) is isomorphic to (S(X 2 , fi 2 ),n 2 ,F 1 (C)) 
as elliptic surfaces, then it holds (Ai,/xi) = (X 2 ,/j, 2 ). 
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Proof. Let / : S\ — > S2 be the biholomorphic isomorphism which gives the equivalence of elliptic surfaces. 



According to Proposition 1.6 there exists 99 <E Aut(P 1 (C)) which satisfies (pa m = 1*2° f ■ By Proposition 



1.2 



7r ■ ^O) = ^3 and 7r- 1 (cxd) = /15 (j = 1, 2). So ip has the form ip : z v- > az with some a £ C — 0. Let 



D (z; Aj ■, /J,j)(j = 1,2) be the discriminant. From (1.6), we have 

D °& X 3>^ = A 3 + 3A 2 Z + 27 + 3A 2 + 3A 2 Z 2 + ^3 + ^ 3 + 3^ + g A 4 + 3^ + ^6 

(i I/; 1 :. ; J J 

j = 1, 2. The six roots of D (z; Ai, ^i)/64/xfz 3 (A)(z; A2, ^2)/64/i2Z 3 , resp.) give the six images of singlar 
fibres of type I\ of S(Xi,fj,i) (<S , (A 2 , ^2)7 resp.). The roots of D (z; X 1 , ^ti)/64^if z 3 are sent by y> to those of 
D (z; A2, /i2)/64/i2 z3 - Observing the coefficients of -Do(z; Ai, /ii) and -Do( z ; ^2, M2), wc obtain that a = 1 
and (Ai,/ii) = (A 2 ,/i 2 ). □ 

2 Period map, the Picard number and the Neron-Severi lattice 
for T 

In this section, we define the period map for the family T and determine the Picard number and the 
lattice structure of a generic member of T . 

2.1 S-marked K3 surfaces 

Definition 2.1. Let So = S(Xoi(J.q) be a reference surface for a fixed point (Ao,/Lto) £ A. For a K3 
surface S(X, fJ,)((X, fJ.) £ A), set 

L'(X, n) = (61, b 2 , 63, 64, h, P, b 6l b 7 , b[,b' 2 , 63, 14, 6' 5 , Q, 6' 6 , 6' 7 , 0, F) z 
= (75, • • • ,722)2 C H 2 (S(X,fj,),Z), 

given by ( |1.8| . Set L = H 2 {Sq,'L) and L' = L'(Xo, fio). We define a S-marking ip to be an isomorphism 
ip : H 2 (S(X, //), Z) — > L im't/i i/ie property that ip = 7j f or 5 < j < 22. We call the pair (S(X, /j),ip) 

an S-marked K3 surface. 

By definition, ip has the following property: 

ip-\F) = f^-^o) = o,rp- x (p) = p,ip-HQ) = Q, 

1p-\b j ) = b j ,1p- l (b' j ) = b' j 

Definition 2.2. Two S-marked K3 surfaces (S,ip) and (S',ip') are said to be isomorphic if we have a 
biholomorphic map f : S — > S' with 

ip' o /* o ip^ 1 = \d L . 

Two S-marked AT3 surfaces (S,ip) and (S',ip') are said to be equivalent if we have a biholomorphic map 
f-.S^-S' with 

ip' o /» o ro~ x \ L , = \& h ,. 



By Proposition 1.5 the basis {75, • • • , 722} of L' can be extended to a basis 

{71,72,73,74,75, ••• ,722} (2.1) 

of L. Let {7^ , • • • ,722} be a dual basis of {71, • • • ,722} with respect to the intersection form, namely 
(7j ' 7k) = hk- Set 

£" = (7i,72,73,74*)zCL. (2.2) 

We have L" = L lA -. 
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2.2 Period map 

First we state the definition of the period map for general K3 surfaces. 

For a K3 surface S, there exists unique holomorphic 2- form w up to a constant factor. Let {71, • • • 722} 
be a basis of H2(S, Z). 

r)'= ( [ w:>-- : [ oj) GP 21 (C) 
J 11 J 111 

is said to be a period of S. The Neron-Severi lattice NS(S') is defined as the sublattice of H 2 (S,Z) 
generated by the divisors on S. Tr(S') = NS(S') ± is said to be the transcendental lattice of S. Let 
{71, • • • : lr} be a basis of Tr(5). Note 

lj = 0, ( v 7 eNS(5)). (2.3) 

j j 

So the period 77' reduces to 

ji — 1 1 



V = ( 













We note that NS(5) is a lattice of signature (1, •) and Tr(5) is a lattice of the signature (2, •). 
We define the period map for our case in the following way. 

Definition 2.3. Let So be the above reference surface. Take a small neighborhood S of (Ao, /-to) i n A so 
that we have a local topological trivialization 

t : {S(A,aO : (A,/i) G 6} -> S X S. 

Take an S-marking tpo of So, and define the S-markings of S{X,ji) by ip = ipo o for (A, /Li) G 5. We 
define the local period map <& : S P 3 (C) by 



((A,M)) = ( / I (2.4) 



where 71, • • • , 74 G L are given by (2.1 1. We define the multivalued period map A — » P 3 (C) by making the 
analytic continuation 0/ $ along any arc starting from (Ao,/xo) in A. 

In general, we have the Riemann-Hodge relation for the period: 

JVmV = 0, 
jr/MV > 0, 

where M is the intersection matrix (7* • 7fc)i<j,fc<22- 

By considering the relation (2.3|, in our situation, the Riemann-Hodge relation is reduced to 



where 



■qA t n = 0, 
77,4*77 > 0, 



(2.5) 



and 



V = 



A = (lj ■ 7fc)l<j,fc<4 



uj : 1 us : ; ui : / w 

V'- 1 (7i) "'V'- 1 (72) J^-Hiz) Ji'- 1 (n) 



Remark 2.1. VFe shall show (in Theorem 2.3) that the above matrix A is given by 



A = 



P 


1 





°\ 


1 
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v> 





1 


-v 
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Set 

T> = H = (£1 : 6 : £3 : &) € P 3 (C) | = 0, > 0}. 
We have $(A) c I?. Note that X> is composed of two connected components T> + and T>~ . 

Definition 2.4. The fundamental group 7Pl(A,*) acts on the "Z-module (?/; _1 (7i), • • • , i/> _1 (74))z 7 so it 
induces the action on T>. This action induces a group of projective linear transformations which is a 
subgroup of PGL(4,Z). We call it the projective monodromy group of the period map $ : A — > P 3 (C). 

2.3 The Picard number 

By the Riemann-Roch Theorem for surfaces and the Serre duality, we have the following lemma. 

Lemma 2.1. Let S be a K3 surface with elliptic fibration it : S — > P 1 (C), and let F be a fixed general 
fibre. Then ir is the unique elliptic fibration up to Aut(P 1 (C)) which has F as a general fibre. 

We can formulate the injectivity of the Torelli theorem for S-marked K3 surfaces in its local version: 

Theorem 2.1. Let 5 C A be a sufficiently small neighborhood of (Ao, fio), and (Ai, fix), (A2,/i2) € 5. Sup- 
pose <!>(Ai,^i) = ( 3 ) (A2,/i2); then there exists an isomorphism of S-marked K3 surfaces (i§(Ai, fJ,i), ipi) ~ 

(S(X 2 ,H2), 1p2)- 

We determine the Picard number of a generic member of J- — {S(X, (i)}. 

Proposition 2.1. Two S-marked K 3 surfaces (S^Ai, /J,i), tpi), (S(X2, ^2), ^2) are equivalent if and only 
if there exists an isomorphism of elliptic surfaces (S'(Ai,/ii),7ri,P (C)) ~ (S'(A2, H2), ^2, P 1 (C)). 

Proof. The sufficiency is obvious. We prove the necessity. Set (Ai, /Ui), (A2, ^2) <= A. Suppose the 
equivalence of S-marked K3 surfaces 

(S(Xi,Hi),ipi) ^ {S{X 2 ,^2),^2)- 

Then there is a biholomorphic map / : S(Xi,fXi) — > S(X2, ^2) such that ip2°f* U' — id^i. Especially, 
for general hbres F\ & Div(S'i) and F 2 £ Div(S , 2 ), we have f*{F±) = F 2 . 

So 1S2 has two elliptic fibrations tt2 and tti o / _1 which have a general fibre F 2 . According to Lemma 
[2T| it holds 

7T2 = 7Tl o f^ 1 

up to Aut(P 1 (C)). □ 

Corollary 2.1. Let (Ai,/ii) and (A2, ^2) be in A. Two S-marked K3 surfaces (S(Xi, fj,±)) and 
(S(X2, 1^2)1 1^2) ore equivalent if and only if (Ai,/xi) = (A2,^2)- 

Proof. From the proposition and Lemma we have the required statement. □ 
Theorem 2.2. For a generic point (A, fi) £ A, we have 

rank NS(5(A,/x)) = 18. 



Proof. By Proposition 1.4 we already have rank NS(5(A, /x)) > 18. Let S be a small neighborhood of 
(A,/x). Suppose we have rank NS(5(A', //)) > 18 for all (A',//) 6 5. Then $((5) cannot contain any open 
set of T>. By Theorem 2.1 and Corollary 2.1 the period map is injective. This is a contradiction. □ 

Corollary 2.2. The C-vector space generated by the germs of holomorphic functions 



i/i~ 1 (7 1 ) Ji/i- 1 (7 4 ) 

is 4- dimensional. 

Proof. It is obvious because the rank of transcendental lattice Tr(S(X, fx)) is 22 — 18 = 4. □ 



9 



2.4 Lattice structure 



Let (A, /j,) be a generic element of A. According to Proposition 1.5 and Theorem 2.2 we have a basis of 



{bxMMM, h,P, b 6 ,b 7 , b'^b'z, b' 3 , b' A , b' 5 ,Q, b' 6 , b' 7 , F, O}. 
We obtain the corresponding intersection matrix: 



(2.6) 



(-2 1 

1 -2 1 

1 -2 1 

1 -2 1 

1-211 
1 -2 
10-21 
1 -2 



-2 1 
1 -2 1 



1 



-2 1 










1 -2 


1 








1 


-2 


1 


1 






1 


-2 




1 




1 





-2 


1 








1 


-2 






1 








V 



(2.7) 



1 -2 / 

Theorem 2.3. For a generic point (A,/i) G A. the intersection matrix of NS(S'(A, /x)) is given by 



( E 8 (-l) 



M n 



and </iai o/ Tr(5"(A, /i)) is given 6t/ 



£s(-l) 



A = 



(0 1 
1 

V 



2 1 
1 -2/ 



(2.8) 



2 1 
1 -2 / 



(2.9) 



10 



Proof. Let Mi be the matrix described in (2.7 1. Let U be the unimodular matrix 
/ 1 



1 



1 



-1 


5 


-2 


\ 


-2 


10 


-4 




-3 


15 


-6 




-4 


20 


-8 




-5 


25 


-10 




-2 


13 


-6 




-4 


17 


-6 




-3 


9 


-2 




-1 


1 







-2 


2 







— o 


Q 




U 




-4 


4 







-5 


5 







-2 


3 


-1 




-4 


3 


1 




-2 


1 


2 




1 


1 


-2 




1 


-3 


1 


/ 



V 

Then we have *UM\U = M . From this result, by observing L = E 8 (-l) Ss(-l) ®U Q)U ®U 7 we 



obtain the matrix A also. 



□ 



Remark 2.2. TTie above theorem says that S(X,fj,) has the Shioda-Inose structure for a generic point 
(X,fJt) (see [Mo] j. 



Remark 2.3. Our lattice (2.8) is isomorphic to the lattice i?s( — 1)©^2,5,5- S. M. Belcastro |Bej researched 
95 families of weighted projective K3 surfaces. The Picard lattices of the family No. 30 and No. 86 in her 
table are E&(—1) ® T 2j 5 j 5. 

3 Period differential equation 

Set F(x, y, z) = xyz 2 (x + y + z + 1) + Xxyz + fx. 

The unique holomorphic 2-form on S^A, /i) is given by 



zdz A dx 
dF/dy ' 



(3.1) 



up to a constant factor. 



Theorem 3.1. When (A,/i) is in a sufficiently small neighborhood of (0,0), the period of 5*(A,/x) on a 
certain 2-cycle T is a holomorphic function given by the following power series. 



~ oo 

I7(A,aO= / c = (2™) 2 £ (-1)' 
Jr n 



(5m + 2n)! 
ti!(to!) 3 (2to + n)! 



A n //' 



(3.2) 



Proof. When (A, fi) is sufficiently small, S(X,fi) in (1.3) is regarded as a double cover by the projection 

P ■ (x,y,z) i-» (x,z). 
Let £i(x, z), £2(2;, z) be the two roots of F (x, y, z) = in ?/. Then we have 

F(x,y, z) = xz 2 (y - £ x (ar, z))(y - £2(2, «))• 

and 



dF(x,y,Z) , 



£z ((y - fifo z )) + (y - z))). 
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Therefore, at (x, £i(x, z), z) G S(X,iu,), 

dF(x,^ 1 (x,z),z) 2 . , 

= xz (Zi\x,z)-€2{x,y)). 

dy 

We have a local inverse map of p 

q : (x,z) i y (x,^i(a:,z),z). 

Let 71(72, 73, resp.) be a cycle in x-plane (y-plane,z-plane, resp.) which goes around the origin once in 
the positive direction. We can assume that there exists S > such that it holds 

Mx,z)\-\b(x,z)\>8 

for any (x, z) G 71 x 73. We assume x = —1 stays outside of 71, z = —1 — x stays outside of 73 for any 
x G 71, and ?/ = £1(2;, z) stays inside of 72 and y — z) and — 1 — x — z stay outside of 72 for any 
(x, z) G 71 x 73. Moreover, by taking a neighborhood £/ of the origin sufficiently small, we can assume 

\Xxyz + fi\ < \xyz 2 (x + y + z + 1)| 

for any (x, y, z) G 71 x 72 x 73 and (A, fj) G J7. 

Let us calculate the period integral on the 2-cycle 9(71 x 73) on S(\,fJ,). Let uj be the holomorphic 
2-form given in (3.1 1. By the residue theorem, 



// »-// 



zdz A dx 



/g(7ix 73 ) ii 7 3x 7l a;z 2 (^i(a;,z) -&(x,z)) 
1 /"/"/" /\ dx A dy 



2tt\/^T yyi 73X7lX72 xz 2 (y - £i(x, z))(y - f 2 (ar, 2)) 
1 f f f zdz A dx A dy 



2tt % / :i T iii 73 x 7lX72 xyz 2 (x + y + z + 1) + Azyz + // 
By the residue theorem and the binomial theorem, we have 

1 f ft zdz A dx A dy 

J J j 73 x 71 x 72 xyz 2 (x + y + z + 1) + Airyz + /1 
I f f f 1 zdz Adx Ady 

73X71 X72 xyz 2 ^ + i + z + 1) 1 + 

z(~Axyz — [if 

-, 7T, -r . , t 1 dz Adx Ady 

(xyz z (x + y + z + 1)) + 



(3.3) 



2nV 


-1 


1 




2tiV 




1 




2tiV 




1 




27Tv/ 


=1 



Z=0 J J J 73X7iX72 

OO 



/m + n\ x n y n z n+1 dz Adx Ady 
\ m ) (xyz 2 (x + y + z + l))™+«+i ( j ™ 

(m + n)! dz Adx Ady 



i,n=0 JJ J 73X71X72 
00 

I i i till ----- . I I II / / " / / J ' i I / I 

r(-A)"(-M) ? 



!m! a; m + 1 ?/ m + 1 z 2m +"+ 1 (a; + ?/ + z + 1) 



m+n+l 



i n=0 J J J73X71X72 

/"/ (2m + dz A d% r_AY l f- ^ 

' n ^ o 7i 73X7l (m!) 2 n! 1 j ^m+l^m+n+l^ + ^ + jjam+n+l ^ > I W 
(27T\/=T) Y, f^ ( TO l)3 n ! z 2m+n+l( z+1 )3m+n+l( _A ) ^ 



,,m=0' / T3 

(2tt % / = T) 2 V ( 1)" (5TO + 2n)! ^ 



(m!) 3 n!(2m + n). 

n,m=0 V ' V ; 

The above power series is holomorphic on U. □ 
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In the following we use the notation 



9\ = X 



ay 



d_ 



Proposition 3.1. Set 



Li = 6 X {9 X + 20 M ) - X(26 x + 59^ + l)(26 x + 50„ + 2), 
L 2 = X 2 9l + ^e x {6 x - l)(26 x + 56^ + 1). 



(3.4) 



The period rj(X,fi) in (3.2 1 satisfies the system L\ = L 2 = 0. 
Proof. Set 



(I 


1 


1 


1 


1 


M 









1 











-1 


= 











1 








-1 





\o 








1 


-1 


- 2 J 




W 



By this data, we can obtain the GKZ hypergeometric differential equation which has a solution 

p-HyHzHs x dti A dt 2 A dt 3 

hdti A dt 2 A dt 3 



where 



A {t\t 2 tl{ai + a 2 ti + a 3 t 2 + a 4 t 3 ) + a 5 ht 2 t 3 + a 6 ' 



1 1 

P = a x + a 2 ti + a 3 t 2 + a A t 3 + a 5 — + a 6 2 . 

£3 tit 2 t 3 



(3.5) 



and A is a twisted cycle. By the parameter transformation (1.2), (3.5) is transformed to 

ai IIja 
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zdx A dy A dz 1 
X yz^x + y + z + l) + Xxyz + „ = 



Set 0j = a,j— — . The above mentioned system of GKZ is given by the following equations (3. 6), (3. 7) 

Odj 



and (3.8) 



1 2 + V3 + 04 

Wv = 0, 
h)v = 0, 



(3.6) 



X6 4 - 6 5 - 28 6 ) V = r h 



By ( 1.2 ), we have 



So, from (3.6) we have 



d 3 



da 2 da 3 da^ da\da% 



(3.7) 
(3.8) 



7 X = C5, 



'&2V = 

e m = (e x + 2^)77, 

Bm = (-20A - 5^ - l)ry. 
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From (3.7|, we have 



da^da^ 04125 
d 3 1 



Vi ~ 1)»7 



— (9 x + 2e.fi)6 x r 1 , 
0405 

\(26 x + 50 M + l)(26 x + 50 M + 2)77. 



a 



Hence we obtain 



h + 20J>7 = A(20 A + 50 M + 1)(20 A + 50 M + 2)77. 



Similarly, from (3.8) we have 

d 3 



d 3 1 



a 2 a 3 a 6 



a 2 a 3 a 6 



——^77 = ^w 1 w 5 (6» 5 - 1)77 = 
oaidai ai 



-\ (-29 x - 50 M - 1)0 A (0 A - l)r?, 
aiag 



hence 



□ 



We can obtain a 6 x 6 Pfafhan from L\ = L 2 = 0. This system is integrable. So, the system L\ = 
L 2 = has a 6-dimensional solution space. However, as we remarked in Corollary |2.2| we expect a system 
of differential equations with 4-dimensional solution space. It suggests that the system L\ = L% = is 
reducible. 



Theorem 3.2. (1) Set 



X (9 X + 20„) - \(26 x + 50 M + l)(20 x + 50 M + 2), 

p, ^ , *,„ A , -r **U X 



A 2 (4^2 _ 20 A M + 50 2 ) - 8A 3 (1 + 30 A + 59 ^ + 20 2 



■5M„) + 25m#a(0a - 1). 



(3-9) 



The period 77 m (3.2) satisfies L\ = L3 = 0. 
(2) TTie solution space of the system L± = 



L3 = is 4-dimensional. 



Proof. (1) We determine L3 by the method of indeterminate coefficients. Set D = /1 + /2#A + + 
/4$ A + f§9 x 9p + fedft, where f\ ■ ■ ■ € C[A, /j]. We can determine the polynomials /1, • • • , f& so that -D 
satisfies D77 = (77 is given by (3.2 1) and is independent of L\. Then we obtain the above L3. 

(2) By making up the Pfaffian system of L\ = L3 = 0, we can show the required statement. Set 
ip = *(1, 6\, 6^, 9\). We obtain the Pfaffian system Q = A^dX + B^dfi with dtp — flip by the following- 
way. Setting 



t 4 = A 2 (4A- l) 3 -2(2 
s 4 = 1 - 15A - 100A 2 , 



25A(20A- l))/i-3125/^ 2 , 



we have 



A, 



10 

1 

an/s4 ai 2 /(2As 4 ) ai 3 /(2s 4 ) ai 4 /(2As 4 ) 

V a 2 i/(s 4 t 4 ) a 22 /(2s 4 7j 4 ) a 23 /(2s 4 7j 4 ) a 24 /(2s 4 i 4 ) J 
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with 



an 
a.12 
a-13 

O14 
021 
022 



«23 

and 



125/i, 



A(1 + 20A), 
6A 2 + 120A 3 - 
5A(3 + 40A), 

-(A + 16A 2 -80A 3 + 125/i), 

-A 3 (2 + 2125^ + A(-17 + 616A - 2320A 2 + 2500(9 
-(-2A 3 (-1 + 4A)(8 + 5A(-13 + 4A(83 + 40A))) 



•80A)m)), 



+ (-16 
-A 3 (22 
12r 4 s 4 H 



f 5A(94 + 5A(59 + 10A(-73 + 20A(37 + 160A)))))/i + 3125(-4 + 5A(21 
f- 26875/i + A(-47 + 300000/i + 100A(51 + 4A(-49 + 20A) + 20000^))), 
3r 4 (15A - 2) + 2s 4 (-3(l - 4A) 2 A 2 (-1 + 10A) + 75A(-1 + 40A)/i), 



200A)V 2 



B 4 = 



( o 

&u/s 4 
621/(54) 





6 12 /(2As 4 ) 
o 22 /(A 2 S4 ) 



1 

W(2s 4 ) 
^23/(54) 
633/(2^484) 







6 44 /(2As 4 
6 24 /(A 2 s 4 
6 34 /(2Ai 4 s 4 ) / 



with 



611 
612 
613 
614 
621 

b-22 
623 
624 
631 



A(l + 
6A 2 + 
5A(3- 

-2A(- 



125/1, 



20A), 
120 A 3 
-40A), 
16A 2 - 80A 3 
-1 + 4A), 



125/*), 
50A/x), 



r>:> 2 



160A)))))/i 



633 = 



634 = 



-(6A 3 (-1 + 4A) - 5/i 
-A(-11 + 20A), 
-((l-4A) 2 A 2 -(5-50A) A1 ), 
-(4(1 -4A) 2 A 4 (7 + 20A) 

-A(-4 + 25A(-3 + 2A(-7 + 20A(1 + 80A))))a< + 3125A(1 + 20A)/i 2 ), 
-(24(1 - 4A) 2 A 5 (7 + 20A) - 2A(-4 + 5A(8 + A(-43 + 10A(-57 + 20A(7 ■ 
-125(-4 + 25A(-3 + 32A(1 + 10A)))/i 2 + 390625^ 3 )), 
-(4A 3 (-1 + 4A)(-1 + 2A(-32 + 25A(1 + 12A))) + 15625A(3 + 40A)tt 2 
-5A(-12 + 5A(-1 + 10A)(33 + 20A(23 + 160A)))/x), 
-(4A 4 (-1 + 4A) 3 (7 + 20A) + 3A(-4 + A(31 - 490A + 76000A 3 ))^ 
+250(-2 + 25A(-2 + A(ll + 260A)))^ 2 - 390625/x 3 ). 

For our Pfaffian system Q, we see the integrable condition d£l = O A O. Therefore the system L\ = 
L3 = has the 4-dimcnsional solution space. □ 

Remark 3.1. N. Takayama and M. Nakayama TN reported that they obtain the rank of differential 
equations for Fano polytopes with at most 6 vertices by a specially adapted use of D -module algorithm. 

By changing the system (p =* (1, 8\, 8^, 8\) to other ones, we see s 4 = is not a singularity. Together 
with the singularity of 9\, 8^ we obtain the singular locus of the system Li = L 3 = 0: 

A = 0, fi = 0, A 2 (4A-l) 3 -2(2 + 25A(20A-l)V-3125^ 2 = 0. (3.10) 

This is the locus mentioned in Remark 1.1. 



4 Monodromy 



Take a generic point (Ao,/x ) € A. Let So = S(\q,Ho) be a reference surface. Set L = H 2 {Sq,Z). 
L' = NS(S'o) is generated by the system (2.6). Recalling the argument of Section 2, we have a Z-basis 
{71 : " " " 1 722} of L with (75, • • • > 722)2 



L'. 
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Let A be the intersection matrix of transcendental larrice displayed in (2.9). Set 

PO(A,Z) = {P e GL(4,Z)|*PAP = A}. 

It acts on V by 

'£>->P'£ (£, g X>,P e PO(A,Z)). 
Recall that I? is composed of two connected components: 

£> = V + U 2?_ . 

Definition 4.1. Let PO + (^4,Z) denote the subgroup of PO(A,Z) given by 

{gePO(A,Z)\g(D ± )=V ± }, 
Remark 4.1. PO(A, Z) is generated by the system: 



(4.1) 



Gi = 



Pi = 



Z 1 1 _1 2 \ 

10 

10 

\0 1 lj 

/l 0\ 

10 

0-10 

\o o -l i/ 



,G» = 



,p 2 = 



^ -1 -2 -1^ 

10 

110 

\0 1 / 

/0 1 0\ 
10 

10 

\o 1/ 



,G, = 



/0 1 \ 

10 

10 

\0 1 -1/ 



Gi,G 2 ,G 3 ,P 2 generate PO+(A,Z) (see [H] or [Mi] ). 

In this section we show that the projective monodromy group of our period map is isomorphic to the 
orthogonal group PO + (A,Z). To prove this we apply the Torelli type theorem for polarized K3 surfaces. 

4.1 The Torelli theorem for P-marked K3 surfaces 

First, we state necessary properties of polarized K3 surfaces. 

Definition 4.2. Let S be an algebraic K3 surface. An isomorphism ip : H2(S,Z) — > L = P2(So,Z) is 
said to be a P-marking in case we have : 

(i) ^- X (L') C NS(5), 

(ii) ^- 1 (F),ip- l (0),-ip- 1 (P),-ip- 1 (Q),'>p- 1 (b j ),-ip- 1 (b' j )(l <j<7) are all effective divisors, 
(hi) ?/> -1 (P) is nef. 

A pair (S, ip) of a K3 surface and a P-marking is called a P-marked K3 surface. 
A S-marked K3 surface (S(X, //), ip) is a P-marked K3 surface. 

Definition 4.3. Two P-marked K3 surfaces (Si,ipi) and (5*2, ipi) are said to be isomorphic if we have 
a biholomorphic map f : Si — > S2 with 



i>2 ° f* ° 



idj 



Two P-marked K3 surfaces (Si,ipi) and (S2, 1P2) o,re said to be equivalent if we have a biholomorphic 
map f : Si — > S2 with 

1P2 /* = idu- 

The period of a P-marked Ki surface (S, ip) is dehned by 



<f(S,V) 

/ 1 /.- 1 ( 7l ) 

We use some general facts exposed in |KSTT| . 



/ 



^.-1(74) 



(4.2) 
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Proposition 4.1. (Pjateckii-Sapiro and Safarevic [PS]) Let S be a K3 surface, then we have the fol- 
lowing: 

(1) Suppose D G NS(S*) satisfies (D ■ D) = 0, D ^ 0. Then there exists an isometry 7 ofNS(S) such 
that "f(D) becomes to be effective and nef. 

(2) Suppose D G NS(S') is effective, nef and (D ■ D) = 0. Then, for certain m G N and an elliptic 
curve E G S, D = m[-B]. 

(3) ^4 linear system of an elliptic curve E on S determines an elliptic fibration S — > P 1 (C). 

Proposition 4.2. A P-marked K3 surface (S,ip) is realized as an elliptic K3 surface which has ip^ 1 (F) 
as a general fibre. Especially, if S is realized as a K3 surface S(X, fi) by the Kodaira normal form for 
some (A,/i) € A, it is a S-marked K3 surface. 



Proof. Set D = ip- x (F ) G Div(S). By Definition 4.3 D is effective, nef, and {D ■ D) = 0. According 



to Proposition |4.1| (2), there exists a positive integer m and an elliptic curve E such that D — m[E]. 
However 

m(E ■ V _1 (0)) = (D ■ ^{O)) = (F ■ O) = 1. 



Therefore we have m = 1. Proposition 4.1 (3) says that there is an elliptic fibration n : S — >• P (C) which 
has D = ■0~ 1 (i 7 ') as a general fibre. □ 

Let X be the isomorphic classes of P-marked K3 surfaces and set 

[X] = Xj P-marked equivalence. 



By (4.2 1, we obtain our period map $ : X — > 

We state the Torelli type theorem for polarized K3 surfaces. 

Theorem 4.1. We have the following properties. 

(1) C V. 

(2) <f> : X — > T> is a bijective correspondence. 

(3) Let S and S' be algebraic K3 surfaces. Suppose an isometry if : H2{S,'L) Hz^S 1 ,°Z) preserves 
ample classes. Then there exists a biholomorphic map f : S — > S' such that cp = /* . 

Here we prove the following two key lemmas. 

Lemma 4.1. A P-marked K3 surface (S,tp) is equivalent to the P-marked reference surface (So,ipo) if 
and only if < &(S', ip) = g o $(S'o, ipo) f or some g G PO(A, Z). 

Proof. The necessity is obvious. We prove the sufficiency. Suppose &{(Sq, tpo)) = p G T>, and take 
g G PO(A,%). According to Theorem 4.1 (2), we can take a P-marked Ki surface (S g ,ip g ) such that 
$>(S g ,ipg) = go $>(So,ipa). Let L" be the transcendental lattice given in (2.2 1. Note g G Aut(L") = 
PO(A,Z). Due to Nikulin [N], g : L" — > L" can be extended to an isomorphism g : L — > L which satisfies 
g\h' = id\L>- Then, by Theorem 4.1 (3), there is a biholomorphic map / : So — > S g such that /* = g. 
Therefore two P-marked K3 surfaces (5o,i/'o) and (S g ,ip g ) are equivalent. □ 

Remark 4.2. PO(A,Z) is a reflection group (see |Maj ). 

According to the Torelli theorem and Lemma [4. 1| we can identify [X] with V/PO(A,Z). 



Lemma 4.2. Let (S, tjj) be a P-marked K3 surface which is equivalent to (So,ipo). Then (S,ip) has a 
unique canonical elliptic fibration (S, 7T,P 1 (C)) that is given by the Kodaira normal form of S(\q, /io) not 
coming from any other (A,/i) G A. 
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Proof. From Proposition^ (S,i/>) ((S , ip ), resp.) has an elliptic fibration (S, tt, P^C)) ((S* , tto.P^C)), 
resp.) with a general fibre ^p~ 1 (F) resp.). Because (S,ip) and (So,ipo) are equivalent as P- 

marked A"3 surfaces, we have a biholomorphic map / : S — >• So such that 

*o°/, = ^ (/* : H 2 (S, Z) ~ ff 2 (S , Z)). 
Through the identification L — H^SqjZ), we have 

/* = i>- 

It means that / preserves general fibres of S and Sq. According to the uniqueness of the fibration (Lemma 



2.1 



2.1), (S, 7r,P 1 (C)) and (So, t^q, P 1 (C)) are isomorphic as elliptic surfaces. According to Proposition 
we have ip G Aut(P 1 (C)) such that ip o tt = ttq o f. 

Let y 2 = 4x 3 — gi(z)x — gz(z) (y 2 — 4x 3 — g2o(z)x — 330(2), resp.) be the Kodaira normal form 



of (S, tt, P : (C)) ((So, 7To, P 1 (C)), resp.). According to Proposition 1.6 we can assume 7r _1 (0) = I3 and 
7r _1 (oo) = 7 15 . So as in the proof of Lemma |l.l| ip is given by z i— > az, a G C — 0. Let j (j , resp.) be the 
j-invariant of S (Sq, resp.) and let D (D , resp.) be the discriminant of S (Sq, resp.). By Proposition 



1.6 we know that D = Dq o tp and j — jo <f- Observing the expressions ( 1.5 1, ( 1.6 ) around z — 00 and 



the definition of j-function (1.9), it is necessary that a = 1. By the transformation z 1— > ujz or zh>wz 
(where uj is a cubic root of unity) we can assume a = 1. Comparing j with jo and D with Dq we have 
g\ = g!o an d g 2 — g 2 Q- However by the transformations in the form x 1— > lux or x 1— > wa; or y 1— > — y, we can 
assume 172 = 520 and 33 = 330- Hence, as in the proof of Lemma |l.l[ we have the required statement. □ 

Remark 4.3. According to the above two lemmas, A is embedded in [X]. 
4.2 Projective monodromy group 

Theorem 4.2. The projective monodromy group is isomorphic to PO + (A,'Z). 

Proof. Let * = (A ,^o) be a generic point of A. Set So = S(A ,^o)- We have NS(So) — V . Note that 
every such point * in the affine part is contained in A. Let G be the projective monodromy group induced 
from 7Ti(A, *). The inclusion G C PO + (A,Z) is apparent. 

So we prove the opposite inclusion PO + (A,Z) C G. Take an element g £ PO + (A,Z), and let 
p = ^(SojV-'o) <= 2? and let q = g(p) € T>. p,q are in the same connected component of V. So we can 
assume that p,q G T> + . Let a be an arc connecting p and q in T> + . By the Torelli theorem, we have 
[$ _1 (a)] C [X]. By Lemma 5.1 and Lemma 5.2, we have q — < &(So,'0) so that (SqjVO is equivalent to 
(So,if)o). Hence the end point of [$ _1 (a)] is (Ao,/io)- 

Next, we show that we can choose a so that [$ _1 (a)] C A. For this purpose, it is enough to show 
that A is a Zariski open set in some compactification K of [X]. Here we note that the compact (A,/i) 
space P 2 (C) and K are birationally equivalent and they contain A as a common open set. A is Zariski 
open set in P 2 (C). So it is Zariski open in K, also. Hence we obtained the required inclusion. □ 

Remark 4.4. This result is essentially found in the research [12] of T. Ishige on a family of K3 surfaces 
coming from another reflexive polytope. He discovered this result by a precise computer approximation of 
the generator system of the monodromy group. However it is not given an exact error estimation there. 
So we gave here an independent proof for our case based on the Torelli type theorem for K3 surfaces. 
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5 Period differential equation and the Hilbert modular orbifold 
for the field Q(v / 5) 

Let O be the ring of integers in the real quadratic field Q(-\/5). Set H± = {z 6 C| ± z > 0}. The Hilbert 
modular group PSL(2, O) acts on (H+ x H+) U (H_ x H_) by 



(7 



az\ + f3 a'z 2 + j3' 
7Z1 + 5 ' 7'z 2 +6' J' 



a 



for g = ^ 6 PSL(2,0), where ' means the conjugate in k. 

According to the method introduced in iTT], we have the following facts. Set 



W = 



(l-V5)/2 (l + V5)/2 



It holds 



The correspondence 



.1 = v [\ } 2 ) = r \vv']}\ 



{z 1 ,z 2 )^(I 2 ® t W- 1 ) 



( Z\Z 2 \ 

-1 
\z 2 J 



defines a biholomorphic isomorphism 

L : (H+ x H + ) U (H_ x H_) -> 2?. 

Setting 

J r : z 2 ) («2,«i), 



we set 



p{g) = to go l 1 



forge (PSL(2,0),t,t'). We have P {(PSL(2,0),t,t')) = PO(A,Z). Put 
a modular isomorphism 

(H x H, (PSL(2, 0), t)) ~ (X>+, PO+(yl, Z)). 



11+. The pair (i, p) gives 



(5.1) 



On the other hand there are several researches into the Hilbert modular orbifolds for the field Q(Vo)- 
F. Hirzebruch [H] studied the orbifold (H x M)/(T,t) (the group T is given in (5.4)) . In this reseach 
he used Klein's icosahedral polynomials. R. Kobayashi, K. Kushibiki and I. Naruki [KJKNJ studied the 
orbifold (Hxi)/ (PSL(2, O), r) and determined its branch divisor . T. Sato [Sa] studied the uniformizing 
differential equation (see Definition [5~3]) of the orbifold (H x M)/(PSL(2,0),t). 



Because of the modular isomorphism (5.1) and Theorem 4.2 we expect that our period differential 



equation (3.9 1 is related to the uniformizing differential equation of the orbifold (H x M)/(PSL(2, O), t). 

In this section we realize the explicit relation between our period differential equation and the uni- 
formizing differential equation of the orbifold (H x M)/(PSL(2, 0), t). We discover the exact birational 



transformation (5.11) from our (A,/i)-space to (x, y)-space, where (x,y) are affine coordinates expressed 



by Klein's icosahedral polynomials in (5.5). Moreover we show that the uniformizing differential equation 



with the normalization factor (5.15) is equal to our period differential equation (3.9) 
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5.1 Linear differential equations in 2 variables of rank 4 



First we survey the study of T. Sasaki and M. Yoshida |SY| . It supplies a fundamental tool for the 
research into uniformizing differential equations of the Hilbelt modular orbifolds. 
We consider a system of linear differential equations 



Z X x = LZxy + AZ X + BZ Y + PZ, 
Z YY = MZ XY + CZ X + DZ Y + QZ, 



(5.2) 



where (X, Y) are independent variables and Z is the unknown. We assume its solution space is 4- 
dimcnsional. 



Definition 5.1. We call the symmetric 2-tensor 

L(dX) 2 + 2{dX){dY) + M(dY) 2 
the holomorphic conformal structure of (|5.2|) . 



(5.3) 



Remark 5.1. The above symmetric 2-tensor (5.3) is equal to the holomorphic conformal structure of the 
complex surface patch embedded in P 3 (C) defined by the projective solution of (5.2). 



Definition 5.2. Let Zq, Z±, Zi and Z^ be linearly independent solutions of (5.2). Put Z — (Zq, Z±, Z2, Z3). 
The function 



.29 



det(Z,Zx,Z Y ,Zx Y ) 



is called the normalization factor of (5.2). 



Proposition 5.1. ( )SYj (see also [Saj . p. 181)) The surface patch by the projective solution of (5.2) is a 
part of non degenerate quadratic surface in P 3 (C) if and only if 



A - 
B : 
C 
D 



d /l 
dXKl 1 
L_d_ 
2dX 
M d 
~2dY 

d_/l 
dY\l 



Ld_ 
2&Y 



log(L) - -Z - 



log(£)--f + 0), 



(log(M) 



-4 f " 
M d 
~2~dX 



(\o g {M)--^ + e) 1 



where £ — log(l — LM). 

Proposition 5.2. ( |SY] . p. 76) Perform a coordinate change of the equation (5.2) from (X,Y) to (U,V) 
and denote the coefficients of the transformed equation by the same letter with bars. Then 

L = —\/v, M = —fi/v, 

A = {R(U)(3 - S(U)a) /v, B = (R(V)0 - S(V)a) /v, 
C - (S(U)-y - R{U)S))/v, D = (S(V)j ~ R(Y)S)/u, 
P = {aQ-pP)/v, Q = (5P- 1 Q)/v 1 



where 



'A = U X V Y -U y Vx, 
A = LVy - 2V X V Y + MV X , 
fj, = LU Y - 2U X U Y + MU X , 
v = LU y Vy - U X V Y - U Y V X + MU X V X , 
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and 



a = (V 2 - LV X V Y )/A, = (V$- MV X V Y )/A, 
7 = (U%- LU x U Y )/\ 5 = (U y - MUxU y )/A, 
R{u) = U XX - (LUxy + AU X +BU Y ), 
S(U) = U YY - (MUxy + CU X + DU Y ), 
R(V) = Vxx - (LVxy + AV X +BV Y ), 
[S(V) = V YY - (MV XY + CV X + DV Y ). 

5.2 Uniformizing differential equation of orbifold (H x M)/(PSL(2,0),t) 

Let us sum up the facts about the orbifold (1x1)/ (PSL(2, 0),t) and the result of T. Sato [Saj on the 
uniformizing differential equation. 

The quotient space (H x M)/ (PSL(2, O), r) carries the structure of an orbifold. 

Set 



r ={(" ePSL(2,0) a = S = l, /3 = 7 = (mod%/5)}. 



(5.4) 



r is a normal subgroup of PSL(2,0). The quotient group PSL(2,0)/T is isomorphic to alternating 
group A 5 of degree 5. A 5 is isomorphic to the icosahedral group /. Let M be a compactification of an 
orbifold M. F. Hirzebruch [H] showed that H x H/(r,T> is isomorphic to P 2 (C). Therefore P 2 (C) admits 
an action of the alternating group A$. This action is equal to the action of the icosahedral group / on 
P 2 (C) introduced by F. Klein. We list Klein's /-invariant polynomials on P 2 (C) = {(A Q : A 1 ;A 2 )}: 

(A(A :A 1 :A 2 ) = A 2 + A 1 A 2 , 
B(A : A 1 : A 2 ) = ?,A 4 Q A l A 2 - 2A 2 A\A 2 + A\A\ - A {A\ + A\), 
C(A : At : A 2 ) = 32(L4[>A 2 A 2 - \mA 4 A\Al + 2§A 2 A\A\ + 6A? A% 



-4A (Al + A%)(32A% - 20A 2 A 1 A 5 + hA\A\) + A 



1 10 



Af, 



12D{A Q : Ax : A 2 ) = (A\ - A|)(-1024Aj° + 384CL4§AiA 2 - 3840^gA 2 A| 
+l2mA 4 A\Al ~ 100A 2 AjA 4 2 + A\A\) 

+MM° - Af){^2Al - 160A 2 A 1 A 2 + 10A 2 A 2 ) + (A\ 5 - A] 5 ). 



We have the following relation: 

144D 2 = -1728B 5 + 720ACB 3 - 80A 2 C 2 B + 64A 3 (5B 2 - AC) 2 



C 3 



R. Kobayashi, K. Kushibiki and I. Naruki jKKNj showed that the compactification (H x S)/(PSL(2, 0), r) 
is isomorphic to P 2 (C). Let 



ip : P 2 (C) = (Ix H)/(r,r) 
be a rational map defined by 



(IxB)/(m(2,0),T) =P 2 (C) 



(A : A 1 : A 2 ) h> (A 5 : A 2 B : C). 



ip is a holomorphic map of P 2 (C) — {A = 0} to '. 
Set 



I — (a line at infinity L^) c(Hx H)/(PSX(2, 0), r). 



B 

A3' 



C_ 

Is' 



(5.5) 



x and y are the affine coordinates identifying (1 : x : y) € P 2 (C) — ioo with (x,y) € C 2 



21 



Proposition 5.3. ( |KKNj ) The branch locus of the orbifold (H x M)/(PSL(2, 0), r) in¥ 2 (C)-L ao = 



is, using the affine coordinates ( |5.5[ ) ; 

D = y(1728a; 5 - 720x 3 y + 80xy 2 - 64(5a; 2 - y) 2 - y 3 ) = 
0/ meter 2. TTie orbifold structure on (H x M)/(P5L(2,C7),r) is giwen (P 2 (C), 2D + coA*,). 

We note that H x EI is embedded in P 1 (C) x P 1 (C) which is isomorphic to a non-degenerate quadric 
surface in P 3 (C). Let 7r : i x i -> (i x U)/(PSL(2, O), r) be the canonical projection. The multivalued 
inverse map 7r _1 is called the developing map of the orbifold (H x M)/(PSL(2,0),t). 

Definition 5.3. Let us consider a system of linear differential equations on the orbifold (M.xM)/(PSL(2, O), r) 
with A- dimensional solution space. Let zq, Zi, #2j £3 be linearly independent solutions of the system. If 



M -> P- 



3/ 



P ^ (zo(p) ■ Zi(p) : z 2 (p) : z 3 (p)) 



gives the developing map on the orbifold (H x M)/(PSL(2, 0), t), we call this system the uniformizing 
differential equation of the orbifold. 

From Proposition |5.3| T.Sato obtained the following result. 

Theorem 5.1. ( |Saj . Example. 4) The holomorphic conformal structure of the uniformizing differential 
equation of the orbifold (H x W)/{PSL(2,0),t) is 



-20(4x 2 + 3xy - 4y) 
36a; 2 — 32x — y 



{dx) 2 + 2(dx)(dy) 



-2(54a; 3 - 50x 2 - 3xy + 2y) 
5y(36x 2 — 32x — y) 



{dyf 



(5.6) 



where (x,y) is the affine coordinates in (5.5) . 
Let 

{Zxx Lz x 
Zyy = MZ X y +CZ X + D Zy + Qz 

be the uniformizing differential equation of (ixl)/ (PSL(2, O), r), where (x, y) is the affine coordinates 



Az 



Bz v + Pz, 



(5.7) 



in (5.5| . We have already obtained the coefficients L and M (see Definition 5.1 and Theorem 5.1). If 



the normalization factor of (5.7) is given, the coefficients A,B,C and D are determined by Proposition 



5.1 The other coefficients P and Q are determined by the integrability condition of ( |5.7[ ). 

Remark 5.2. T.Sato |Saj determined the uniformizing differential equation of (H x M)/(PSL(2,0),t) 
with the normalization factor 

-36a; 2 + 32x + y 



That 



with 



y 1 /2(i728a; 5 - 720x 3 y + 80xy 2 - 64(5a; 2 - y) 2 - y 3 )) 3 / 2 



— Lz X y -f- A s z x -j- B s Zy -\- P s z^ 
= Mz xy + C s z x + D s z y + Q s z 



(5.8) 



C s {x,y) 
P s {x,y) : 



-20(3a; - 2) 
36x 2 — 32a; — y ' 

3a; - 2 
5y(36a; 2 — 32a; — y) 
-3 



B s (x,y) 



D s {x,y) 



-10(8a; + 3y) 
36a; 2 — 32a; — y ' 

-198a; 2 + 180a; + 7y 



(36a; 2 - 32a; - y) 



, Qs{x,y) 



5y(36x 2 — 32a; — y) 
3 

10%(36a; 2 - 32a; - y) ' 
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5.3 Exact relation between period differential equation unifomizing differen- 
tial equation 



The modular isomorphism (5.1) implies that our period differential equation (3.9) is closely related to 
the uniformizing differential equation of the orbifold (H x H) / (PSL(2, 0),t). In this subsection we show 
that the holomorphic conformal structure of (3.9) is transformed to (5.6) in Theorem 5.1 by an explicit 
birational transformation. Moreover we determine a normalizing factor which is different from that of 
Sato's (5.8). The uniformizing differential equation of the orbifold (H x M)/(PSL(2, 0), r) with our 



normalizing factor corresponds to the period differential equation (3.9). 



Proposition 5.4. The period differential equation (3.9) is represented in the form 

I z \\ = L z X u + A z x + Bqz^ + P z, 



M z XfJ , + C z x + Dqz^ + Q z 



(5.9) 



with 



L = 
A = 

C = 
Po 



2//(-l + 15A+ 100A 2 ) 
A + 16A 2 -80A 3 + 125/t' 

(-1 + 10A)(1 + 20A) 
A + 16A 2 -80A 3 + 125//' 
5(-l + 10A) 



M = 
B = 



2(A 2 - 8A 3 + 16A 4 + - 50A//) 



//(A + 16A 2 - 80A 3 
5//(3 + 40A) 



125/i) 



//(A + 16A 2 - 80A 3 
2(1 + 20A) 



125/x)' 
Qo 



A + 16A 2 - 80A 3 
-A - 20A 2 



125^ 

96A 3 - 200// 



M (A- 



16A 2 - 80A 3 
10 



125/x)' 



/i(A + 16A 2 - 80A 3 + 125//)' 



A + 16A 2 - 80A 3 + 125/i 
Proof. Straightforward calculation. 

Especially the holomorphic conformal structure of the period differential equation (3.9) is 
15A + 100A 2 ) 



A + 16A 2 - 80A 3 
Theorem 5.2. Set 



125/t 



{d\y + 2(dX)(dfj,) + 



2{X 2 - 8A 3 + 16A 4 + 50A//) 
//(A + 16A 2 - 80A 3 + 125//) 



f : (A,//) h> (x,y) = ( 



25/i 3125// 2 
2(A- 1/4) 3 '~(A- 1/4) 5 



□ 



(5.10) 



(5.11) 



/ is a birational transformation from (A, //) -space to (x^y) -space. The holomorphic conformal structure 
(5.10) is transformed to the holomorphic conformal structure (5.6) by f. 



Proof, f 1 is given by 



y 



y 



We have 



L (X(x,y),(j,(x,y)) = 
M Q (X(x,y),fi(x,y)) = 



20x 2 ' r ~^' i " lO 5 ^ 5 ' 

-y 2 (Ax 2 -y)(9x 2 - y) 
250x 3 (240x 4 - 88x 2 y + 8y 2 - xy 2 ) ' 
-4000a; 3 (100x 4 - 40x 2 y + 3x 3 y + 4y 2 - xy 2 ) 
y 2 (240a; 4 - 88x 2 y + 8y 2 - xy 2 ) ' 



(5.12) 



(5.13) 



By (5.11), (5.12) we have 



xx 



60x 3 



y 

10 5 x 6 



yx = 100x 2 



2- 10 5 a; 5 

y 2 



(5.14) 
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From (5.13), (5.14) and Proposition 5.2 by the birational transformation / : (A,//) H> (x,y) the coeffi- 
cients Lq,Mq are transformed to 



L 



-20(4x 2 + 3xy - Ay) 
36a; 2 — 32x — y 



M Q 



-2(54a; 3 - 50a- 2 - 3xy + 2y) 
5y(36x 2 — 32a; — y) 



These are equal to the coefficients of the holomorphic conformal structure ( |5.6| ). Therefore the holomor- 
phic conformal structure (5.10) is transformed to (5.6). □ 



Remark 5.3. The birational transformation (5.11) is obtained as the composition of certain birational 

rrn 
M 



transformations. First blow up at (A,//) = (1/4,0) € ((X, fj,)- space) 3 times: (A, fi) i— > (A,ui) = 

u 2 



( X 'x~l/a)> (A ' Ul) ^ (A ' U2) = ( A 'A^i7i)' (A ' U2) ^ (A ' U3) = ( A ' A^TTi) 



-1/4, 



Zi2 1 

by X = h — . W^e have the following birational transformation: 

u 3 4 



A - 1/4, 



TTier* cancel X 



-00 : (A,/i) n- (u 2 ,u 3 ) = (tv^y 



(Tis inverse is 



(A -1/4) 2 ' (A -1/4) 3 

^:(u 2)U3 )^ (A, + ! I).) 
= (0,0) e ( (a;, y) -space): 
4>i ■ (x,y) i-> = (2;, |) 



'li 2 , 1 u 3 

On £/ie other hand, blow up at {x,y) = (0,0) £ ((x,y)- space): 



(Its inverse is given by 



1P1 1 : O, s ) >->• (^)J/) = (x,xs).) 
Moreover we define the holomorphic map 

'25 



(Zb \ 
yW 3 ,-250u 2 J- 



We see f — ip x 1 o ^ ° V-'o ■ 



We need the following uniformizing differential equation for our further discussion. This is different 
from Sato's equation referred in Remark |5.2| 



Proposition 5.5. The uniformizing differential equation of the orbifold (HxH)/(PSL(2,0),t) with the 
normalization factor 

2B _ a; 4 (-36x 2 + 32a; + y) 



y 5 / 2 (1728a; 5 - 720x 3 y + 80xy 2 - 64(5x 2 - y) 2 - y 3 ) 3 / 2 



(5.15) 



with 



Li 

A! 

C x 
Pi 



Z XX = L X Z X y + A 1 Z X + BlZy + Piz, 

Zyy = M\Z X y + C\Z X + DlZy + Q X Z 



-20(4x 2 + 3x2/ - %) , , r -2(54a; 3 - 50a; 2 - 3xy + 2y) 
Mi — 



36a; 2 — 32a; — y 

~2(20x 3 - 8xy + 9x 2 y + y 2 ) 
xy(36x 2 — 32a; — y) 

-2(-25ai 2 + 27x 3 + 2y- 3xy) 
5y 2 (36x 2 — 32x — y) 
-2{8x-y) 



5y(36x 2 — 32a; — y) 
10y(-8 + 3x) 



a;(36a; 2 — 32a; — y) ' 
-2(-120a; 2 + 135a; 3 - 2y - 3xy) 



25a;(36a; 2 - 32a; - y) 



, Qi 



5xy(36x 2 — 32a; — y) 
2(-10 + 9x) 



25a;y(36x 2 — 32a; — y) 



(5.16) 



24 



Proof. L\ and M\ is given in Theorem 5.1 According to Proposition 5.1 the other coefficients are 
determined by L\,M\ and 6 in (5.15). □ 



Theorem 5.3. By the birational transformation f in (5.111, the equation (5.9) is transformed to the 
equation (5.16). 



Proof. We have 



Bo(\(x,y),n(x,y)) 
Co(X(x,y),fi(x,y)) - 
Do(Hx,y),n(x,y)) 
Po(Hx,y),fj,(x,y)) -- 
Qo(Hx,y),fi(x,y)) 



400a; 2 (3a; 2 -y) (6a; 2 -y) 
y(240a; 4 - 88x 2 y + 8y 2 - xy 2 ) ' 

-y 2 (Vix 2 -2y) 
25x(240x 4 - 88a; 2 y + 8y 2 - xy 2 ) ' 

2 • 10 8 a; 9 (3a; 2 - y) 
y 4 (240x 4 - 88z 2 y + 8y 2 ~ xy 2 ), 
160000a; 5 (175a; 4 - 65x 2 y + 6y 2 - xy 2 ) 
y 3 (240a; 4 - 88a; 2 ?; + 8y 2 - xy 2 ) : 

1600a; 4 (6a; 2 - y) 
y(240a; 4 - 88a; 2 y + 8y 2 - xy 2 ) ' 

8 • 10 8 x n 
y 4 (240a; 4 - 88x 2 y + 8y 2 - a;y 2 ) ' 



(5.17) 



By (5.11), (5.12) we have 



4800a; 5 12000a; 4 
x\\ = — — , y\\ = 



if 



y 



_ 2 ■ 10 10 a; 10 



(5.18) 



-6 ■ 10 6 a; 8 



7^7 



XX/j, 



If 



y\ l j,= 



-2 • 10 7 z 
y 3 



From (5.13), (5.14), (5.17), (5.18) and Proposition 5.2 by the birational transformation / : (A,/i) n- (x,y) 
the coefficients Aq, Bq, Co, -Do, Pq, Qo is transformed to 



A Q = 
Co = 
Po = 



-2(20x 3 - 8xy + 9x 2 y + y 2 ) 
xy('S6x 2 — 32a; — y) 

-2(-25x 2 + 27a; 3 + 2y - 3xy) 
5y 2 (36x 2 — 32a; — y) 
-2(8x-y) 



Bn = 



Wy(-8 + 3x) 
a;(36a; 2 — 32a; — y) ' 

-2(-120a; 2 + 135a; 3 - 2y - 3xy) 



25a;(36a; 2 - 32a; - y) '' 



so = 



5xy(36x 2 — 32x — y) 

-2(-10 + 9x) 



25xy(36a; 2 — 32a; — y) 



These are equal to the coefficients of (5.16). 



□ 



Therefore the uniformizing differential equation of the orbifold (H x M)/(PSL(2,0),t) with the 
normalization factor (5.15) is equal to the period differential equation of the family J- of K3 surfaces 

AO- 
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